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Abstract
We study the influence of the cosmic expansion on the size of the shadow of a spinning
black hole observed by a comoving observer. We first consider that the expansion is driven by
a cosmological constant only and build the connection between the Kerr-de Sitter metric and
the FLRW metric. We then calculate the angular size of the shadow for an observer comoving
with the cosmic expansion. Furthermore, by adopting the approximate method proposed in [48]
we extend the study to the general multi-component universe case. It is interesting to find that
the oblateness of the black hole shadow, namely the ratio of the horizontal and vertical angular
radii, becomes significant in the case that the black hole is at a high redshift.
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1 Introduction
In recent years, various kinds of astronomical observations strongly reveal that black holes do
exist in our universe. The evidences so far are not limited to gravitational wave detection by LIGO
and Virgo, but also include the images of black holes by Event Horzion Tecescope (EHT) [1–6].
However, compared to the precision of LIGO and Virgo, the pictures of black holes captured by
EHT are not clear enough. One way to improve the accuracy and sharpness of the image is to
vastly enhance the resolution of EHT by developing the optical interference technology, telescope
technology and the like. On the other hand, it is also necessary to study the possible factors that
may influence the shadow of a black hole in our universe.
The theoretical calculations of the black hole shadow began with Synge [7] who originally
introduced the concept of “escape cone” which is known as the complement of the shadow of
Schwarzschild black hole nowadays. He pointed out the edge of the shadow is rounded and also
gave the formula of the angular radius for a static observer at infinity. In the following creative paper
[8], Bardeen extended the concept of black hole shadow to spinning black holes, and he found that
the shape of the photon ring of the Kerr black hole could be deformed when the rotating parameter
a is not vanishing (the result can also be found in Chandrasekhar’s book [9]). In particular, a
portion of the photon ring’s edge becomes a vertical line segment, which is called NHEK-line for
(near) extremal Kerr black hole. Straight after this work, Bardeen took an indepth study on the
optical appearance of a star orbiting an extreme Kerr black hole by concentrating on the apparent
position and the energy flux of the brightest images as seen by distant observers [10, 11]1. Along
these lines, a number of works have been made to enrich our understanding of black hole shadows
in general relativity and the modified gravity theory over the past four decades, see the examples
in [23–45]. In addition, we would like to stress that the key point in the calculations of the shadow
among these works is to define a static observer in a static spacetime or a local rest static observer in
a stationary spacetime. In other words, one cannot directly apply the standard methods proposed
by Synge and Bardeen to a dynamical black hole or a black hole embedded in a time-dependent
spacetime.
However, on the one hand, black holes are generically not always eternal, since the matters keep
falling into the black holes. It is interesting to investigate the shadow in the process that matters
collapse to form a black hole. On the other hand, it has been found that the universe we live is
constantly expanding. These facts compel us to study the shadows beyond static or stationary
black holes. Akash Mishra [46] has tried to understand the photon sphere and the black hole
shadow in dynamically evolving spacetimes, including the Vaidya, the RN-Vaidya and the de-Sitter
Vaidya spacetimes, as well as the slowly rotating Kerr-Vaidya spacetime. Regarding a black hole
embedded in an expanding universe, the authors in [47] heuristically studied the Schwarzschild black
hole shadow in an expanding universe only driven by a positive cosmological constant analytically.
Their work has been extended to the multi-component universe in [48] by using an approximation
method and in [49] by using an analytic method. Based on these works, it was proposed that the
shadows of high-redshift black holes may be useful in the cosmological studies [50–52]. All these
1For recent developments on this aspect, one can see [12–22].
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studies have been focused on the spherical black holes without rotation. But almost all the black
holes in our universe are spinning, and should be described by the Kerr spacetime and its cousins.
Thus, it is necessary and important to study the shadow of the Kerr black hole in an expanding
universe in order to have a better match with the images taken by the EHT in the future.
With such a purpose, in this paper we would like to study the effect of the expansion of our
universe on the shadow of a spinning black hole. We begin our study on the expanding universe
driven by a positive cosmological constant. In this case, we find an exact form of the shadow of the
Kerr-dS black hole seen by a comoving observer following the trick in [47]. Strictly speaking, the
notion of a comoving observer in the FLRW universe is not well-defined in the presence of a spinning
black hole, since the spinning locally breaks the isotropy of the universe. In other words, the Kerr-
dS spacetime cannot be foliated into spacelike slices which are conformal flat. Nevertheless, the
comoving observer is approximately well-defined at the large distance away from the black hole.
This fact allows us to use the following treatment: we first consider the shadow of Kerr-dS black
hole observed by a locally static observer and then calculate the angular radius of the shadow of
the Kerr black hole for the comoving observer with the cosmic expansion by using the standard
aberration formula. We find that even though the black hole size seen by the static observer tends
to vanishing, the size seen by the comoving observer is not vanishing, due to the magnification
effect of the cosmic expansion.
Next we consider the multi-component FLRW universe and investigate the shadow of a Kerr
black hole in it. We apply the approximate method proposed in [48]. In this case, based on the size
of the Kerr black hole shadow observed by a large distance local rest static observer, the effective
proper size of the shadow can be found using the angular diameter redshift relation. In our work,
we focus on the Kerr black hole, and discuss the influence of the rotating parameter a and different
inclination angles between the observer and the rotation axis of the black hole on the shadow.
The paper is organized as follows. In section 2, we give a short review of calculating the shadow
in the Kerr-dS spacetime as seen by a locally static observer, and introduce some characteristic
angular diameters which are essential in the discussion. This is a necessary preparation for the
following sections. In section 3, we move to the core of this article, namely, the shadow in the
Kerr-dS spacetime as seen by a comoving observer. In section 4, we explore the shadow of the Kerr
black hole embedded in an expanding universe driven by different components. We give a summary
in section 5.
In this work, we have set the fundamental constants c and G to unity, and we will work in the
convention (−,+,+,+).
2 Shadow in the Kerr-dS spacetime as seen by a local observer
In this section we first give a review on the computations of the shadow of a Kerr-dS black
hole observed by a locally non-rotating observer. The discussion here is mainly based on the
instructive paper [23], but we also slightly add some supplements and present the necessary details
for completeness and future calculations.
In terms of the Boyer-Lindquist(BL) coordinates (t, r, θ, φ), the Kerr-dS metric is written in the
3
following compact form [53]
ds2 = −∆r
Σ
[
dt
Ξ
− a sin2 θdφ
Ξ
]2
+
Σ
∆r
dr2 +
Σ
∆θ
dθ2 +
∆θ sin
2 θ
Σ
[
adt
Ξ
− (r2 + a2)dφ
Ξ
]2
, (2.1)
where
Σ = r2 + a2 cos2 θ, (2.2)
∆r = (r
2 + a2)
(
1− Λ
3
r2
)
− 2mr, (2.3)
∆θ = 1 +
a2Λ
3
cos2 θ, (2.4)
Ξ = 1 +
a2Λ
3
. (2.5)
Note that ∆r is a fourth-order polynomial of r, so formally we can write it as
∆r = (r − r+)(r − r−)(r − rC) (r − r−−) . (2.6)
In general, the four roots of ∆r = 0 are not all necessarily real. But in this paper we only consider
the case that the parameters (Λ,m, a) take appropriate values such that the equation ∆r = 0 yields
four real roots. Here r± are the outer and inner black hole horizons, rC is the cosmological horizon
and r−− < 0 is the other cosmological horizon “inside” the singularity. To satisfy the condition
we just imposed, the bound on the value of Λ is easily obtained as 0 < m2Λ < 1/9 ' 0.11, when
a = 0. For simplicity and without loss of generality, we choose the angular momentum of the black
hole to be non-negative, that is to say, we always have a ≥ 0. If a > 0 , then the upper bound of
m2Λ is slightly larger than 0.11. In turn, the presence of Λ enlarges the range of a such that the
upper bound of a can be slightly larger than m. For example, when Λ is very small, which is close
to the reality world, we can easily obtain the four real roots analytically up to the next-to-leading
order in Λ, that is
rC =
√
3
Λ
− 1, r−− = −
√
3
Λ
− 1, (2.7)
r± = m±
√
m2 − a2 + Λ
3
m
(
4m2
(
1± m√
m2 − a2
)
− a2
(
1± 3m√
m2 − a2
))
. (2.8)
Note that the expressions of r± does not allow us to find the upper bound of the rotation parameter,
namely the analogue of the Kerr bound. This is because when deriving r±, a was already assumed
to be independent of Λ, so the upper bound is just a ≤ m. In fact, the upper bound of a up to the
linear order of Λ can be read directly from (2.3): amax = m+m
3Λ/3.
In the region between the outer black hole horizon r+ and the cosmological horizon rC , one
finds the vector ∂r is spacelike and ∂t is the timelike Killing vector, thus this region is the so-called
domain of outer communication. This region guarantees the causality of the spacetime, thus a static
observer beyond this region is not well-defined. However, for comoving observers with respect to
the cosmic expansion, this is not true. Even after crossing the cosmological horizon, a comoving
observer can still receive light signals from the domain of outer communication.
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The null geodesic equations are completely integrable, since it admits four constants along the
motion of each photon:
(1) the mass gµνp
µpν = 0,
(2) the total energy E = −p · ∂t,
(3) the angular momentum L = p · ∂φ, and
(4) the Carter constant Q, respectively.
With the help of these constants along the motion, the geodesic equations can be written in the
first-order form [23]
Σt˙ =
a sin2 θ(L− aE sin2 θ)
∆θ sin
2 θ
+
(Σ + a2 sin2 θ)((Σ + a2 sin2 θ)E − aL)
∆r
, (2.9)
Σφ˙ =
L− a sin2 θ
∆θ sin
2 θ
+
a(Σ + a2 sin2 θ)E − aL
∆r
, (2.10)
Σ2θ˙2 = ∆θ(Q+ (L− aE)2)− (a sin
2 θE − L)2
sin2 θ
, (2.11)
Σ2r˙2 = ((Σ + a2 sin2 θ)E − aL)2 −∆r(Q+ (L− aE)2)
≡ R(r), (2.12)
where we have defined a radial function R(r). In the Kerr-dS spacetime there are unstable spherical
photon orbits with r =constant. All such orbits occupy a region which is known as the photon
region. Since the photon orbits are independent of the energy, we introduce the following dimen-
sionless quantities to characterize the photon orbits
ξ =
L
E
, η =
Q
E2
. (2.13)
The spherical orbits occur when R = R˙ = 0, then we can express the above two rescaled quantities
in terms of the radius of the orbit,
ξ =
r2 + a2
a
− 4r∆r
a∆′r
, (2.14)
η =
16r2∆r
(∆′r)2
−
(
r2
a
− 4r∆r
a∆′r
)2
. (2.15)
Plugging these expressions into (2.11), we find an inequality that determines the photon region
(4r∆r − Σ∆′r)2 ≤ 16a2r2∆r∆θ sin2 θ. (2.16)
For Λ = 0, the radial range of the photon region is determined by the roots of η = 0,
r ∈ [rp−, rp+], (2.17)
with
rp± = 2m (1 + cosϕ±) , ϕ± =
2
3
cos−1
(
± a
m
)
. (2.18)
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The presence of a non-vanishing Λ will slightly change the range of the photon region. In this case,
the inequality (2.16) is still a third order polynomial of r, so it can be solved analytically. For
example, let us consider the small Λ case, then up to the linear order of Λ, the corrections to rp±
are given by
δrp± = −2amΛ
[
a+ 3a cosϕ± +
(27m2 − 25a2) sinϕ±
9
√
m2 − a2
]
. (2.19)
In the non-rotating case a = 0, the above inequality degenerates into an equality,
4r∆r = Σ ∆
′
r, (2.20)
and the photon region degenerates into a photon sphere with rp = 3m. This result is independent
of Λ.
Next, we move to the calculation of the critical curve (which is also known as the contour of the
black hole shadow, or vaguely called the photon ring) of the Kerr-dS black hole as seen by a locally
static observer. First of all, we assume that the observer is located in the frame in the following
form
eˆ(t) =
√
gφφ
g2tφ − gttgφφ
(
∂t − gtφ
gφφ
∂φ
)
, (2.21)
eˆ(r) =
1√
grr
∂r, (2.22)
eˆ(θ) =
1√
gθθ
∂θ, (2.23)
eˆ(φ) =
1√
gφφ
∂φ, (2.24)
where eˆ(t) is timelike in the domain of outer communication and the rest bases are spacelike vectors.
It is easy to check that these bases are normalized and orthogonal to each other. We can assign
the four-velocity of the observer as eˆ(t), that is, uˆ ≡ eˆ(t), in this case the observer is locally static in
the given frame. Moreover, since eˆ(t) · ∂φ = 0 the observer in this local rest frame has zero angular
momentum with respect to infinity. Hence this frame is sometimes called the ZAMO reference
frame, standing for the zero angular momentum observers.
For the null geodesics, the four-momentum pµ can be projected onto the four bases of the
observer’s frame. This is called a local measurement, giving the quantities measured by the observer
p(t) = −pµeˆµ(t), (2.25)
p(i) = pµeˆ
µ
(i), i = r, θ, φ. (2.26)
On the other hand, since the photon is massless, in the observer’s frame, one has |~P | = p(t), and
we can introduce the observation angles (α, β), by [54]
p(r) = |~P | cosα cosβ, (2.27)
p(θ) = |~P | sinα, (2.28)
p(φ) = |~P | cosα sinβ, (2.29)
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Figure 1: The projection of the photon’s momentum ~P in the observer’s frame and the solid angles
(α, β).
as is shown in Fig. 1. From the geodesic equations we obtain
sinα =
p(θ)
p(t)
= ± 1
ζ − γξ
√
∆θ sin
2 θ(η + (ξ − a)2)− (a sin2 θ − ξ)2
Σ∆θ sin
2 θ
∣∣∣∣∣
(rO,θO)
, (2.30)
tanβ =
p(φ)
p(r)
=
ξ
√
Σ∆r√
gφφ
√
((Σ + a2 sin2 θ)− aξ)2 −∆r(η + (ξ − a)2)
∣∣∣∣∣
(rO,θO)
, (2.31)
where we have used the abbreviations ζ = eˆt(t) and γ = eˆ
φ
(t) to simplify the expression. Note that in
the expressions, only (ξ, η) depend on the radius of the photon region, on the other hand, all (r, θ)
take values at the position of the observer, i.e. (rO, θO), where θO is the inclination angle between
the observer and the direction of the rotation axis of the black hole.
Furthermore, we can introduce the Cartesian coordinate (x, y) for the apparent position on the
plane of the sky of the observer by 2
x ≡ −rOβ, y ≡ rOα. (2.32)
The boundary curve of the shadow corresponds to the null geodesics that asymptotically
approach the photon region. So these null geodesics are characterized by the two constants of
motion (ξ, η), whose relations with the photon region are given by Eqs. (2.14) and (2.15). Inserting
Eqs. (2.14) and (2.15) into Eq. (2.32), we then obtain the boundary curve of the shadow on the
observer’s sky parameterized with the radius of the photon region.
In Fig. 2 we show the shadows of the Kerr-dS black hole for several rotation parameters and
inclination angles, where we fix m = 1, rO = 100. Qualitatively, they share similar features with
2In the literatures [8, 9], the Cartesian coordinates are defined by x ≡ −rO cosα sinβ, y ≡ rO sinα. Our definition
is similar to the one in [54].
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Figure 2: Examples of shadows of the Kerr-dS black hole for different rotation parameters and
inclination angles. From left panel to the right panel, the inclination angle θO takes 0, pi/4 and
pi/2, respectively.
the shadow of the Kerr black hole. For example, with the increase of the angular momentum, the
shape of the shadow gradually becomes non-circular. But for the observer staying at the north of
the black hole, i.e. θO = 0, the shadow will always be circular. The difference between the shadows
of the spinning and the static black holes becomes the most significant when the spinning black
hole is extremal and when the observer lies in the equator plane of the black hole.
In addition, in Fig. 3, we show the effect of the cosmological constant on the black hole shadow,
where we take θO = pi/2 and a = 0.998. One can observe the critical curve becomes smaller when
the cosmological constant is not vanishing. To explain this, we consider that the static observer
is located far away from the black hole, i.e. r+  rO ≤ rc. To take such limit, the cosmological
constant Λ must be very small such that the cosmological horizon is large enough, otherwise the
locally static observer would exceed the cosmological horizon. In the next section we will restrict
ourself to this particular case. From Eqs. (2.30) and (2.31), we obtain the asymptotic form of the
observation angles
sinα → ±
√
1− Λ3 r2O
√
η + (a− ξ)2 − (ξ csc θO − a sin θO)2
rO
, (2.33)
tanβ →
ξ
√
1− Λ3 r2O
rO sin θO
. (2.34)
Combining with Eq. (2.32), we have
x2 + y2 = (1− Λ
3
r2O)(ξ
2 + η + a2 cos2 θO) (2.35)
When the observer is located at (rO, θO =
pi
2 ) and if we pay our attention to the edge of the critical
curve on the x axis, the above equation gives
(x2 + y2)|r=rp±+δrp± = (1−
Λ
3
r2O)ξ
2|r=rp±+δrp± = (1−
Λ
3
r2O)ξ
2|r=rp± +O(Λ2). (2.36)
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Figure 3: Shadows of the Kerr-dS black hole as seen by a locally static observer with different
values of the cosmological constant. The dots on the x axis denote the points at which α = 0 and
the dots along the vertical direction correspond to the position at which α takes maximum value.
This explains why the size of shadow becomes smaller when the cosmological constant is nonvan-
ishing.
Moreover, from Eqs. (2.33) and (2.34), we may conclude that when the observer is approaching
the cosmological horizon rO → rc '
√
3/Λ,
rO sinα→ 0, rO tanβ → 0. (2.37)
In Fig. 4, we show the shadow sizes versus the distance of the observer takes. In contrast, as
we will see in the next section, the linear size of the black hole shadow as seen by an observer
comoving with the cosmic expansion is finite even the observer is far away from the black hole.
This interesting phenomenon was first found in [47] for the Schwarzschild black hole.
In the non-rotational case, the silhouette of the shadow is a circle. However in the presence of
the rotation, the shape is no longer a circle, so it cannot be trivially characterized by a single angular
radius. In this case, we follow the strategy used in [24] to characterize the size of the shadow in
terms of the horizontal and vertical angular diameters of the shadow. From the analytical formulas
for the boundary curve of the shadow we can find the expressions for the horizontal and vertical
angular diameters of the shadow, as shown in Fig. 5 and marked in Fig. 3. Due to the symmetry,
the angular diameters ∆h and ∆v are determined by three radii ρh1, ρh2 and ρv,
∆h = ρh1 + ρh2, (2.38)
∆v = 2ρv, (2.39)
where ρhi, i = 1, 2 are the absolute values −β takes when α = 0, and ρv is the maximum value α
takes. Formally, we can denote the corresponding photon region radius as rhi and rv. In general, we
find the angular radii of the shadow cannot be obtained in a closed form, because the corresponding
values of the photon region radius are the zeros of a polynomial of higher than fourth order. So
the angular radii of the shadow have to be found numerically.
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Figure 4: The shadows vary with respect to the distance of the observer rO. We have choosen
m = 1, a = 0.998,Λ = 10−4, θO = pi/2, and the corresponding cosmological horizon is rc ' 172.2.
However, in some particular cases, it is feasible to get the analytical formulas for the angular
radii. For example, for the observer in the equatorial plane, i.e. θO = pi/2, α = 0 is equivalent to
(4r∆r − r2∆′r)2 = 16a2r2∆r. (2.40)
The solutions to this equation are just the bounds of the photon regions in the radial direction,
which for the small Λ case are simply given by (2.18) and (2.19), i.e. rh1 = rp− + δrp− and
rh2 = rp+ + δrp+. Plugging these into Eqs. (2.14) and (2.15), and further into Eqs. (2.30) and
(2.31) we then obtain the angular radii of the shadow as functions of the observer’s position rO.
Another particular case is the non-rotating limit a = 0, in which case the solution to the
equation (2.40) is just rhi = 3m and the horizontal angular radii of the shadow are given by
sin2 ρh1 = sin
2 ρh2 =
9m2
(
6m+ Λr3O − 3rO
)
r3O (9Λm
2 − 1) . (2.41)
This reproduces the result found by Stuchlik and Hledik [55] and when Λ = 0 it reduces to the
well-known result calculated by Synge for the shadow of a Schwarzschild black hole [7].
On the other hand, α takes a maximum at(
p(θ)
p(t)
)′
= 0, (2.42)
where the prime denotes the derivative with respect to the photon region radius. For θO = pi/2,
the solution to this equation is given by
rv =
9mrO
(
a2 + r2O
)
a4ΛrO + a2
(
12m+ Λr3O + 3rO
)
+ 3r3O
. (2.43)
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Figure 5: Angular radii of the shadow of a spinning black hole. The horizontal axis is −β and the
vertical axis is α.
The explicit expression for sin ρv is still complicated so we shall not show it here. But in the
non-rotating limit, the result simplifies to be the same as (2.41), as expected.
3 Shadow in the Kerr-dS spacetime as seen by a comoving ob-
server
In this section, we would like to investigate the influence of a cosmic expansion on the shadow
of the spinning black hole. We will study the shadow as seen by a comoving observer. Our
treatment is inspired by the one in [47] in which the shadow of non-spinning black holes was
studied. In [47], based on the connection between the Schwarschild-dS black hole and the McVittie
metric [56], the black hole shadow as seen by a comoving observer with the cosmic expansion was
analytically calculated. The McVittie metric describes a non-rotational black hole embedding in
an expanding universe. If the cosmic expansion is driven by a cosmological constant only, then
through a coordinate transformation, the Schwarschild-dS metric can be related to the McVittie
metric and the black hole shadows for different observers are related as well. Here we generalize
the study in [47] to the rotating black hole case.
To our knowledge, there are several solutions describing a spinning black hole embedded in an
expanding universe, such as the one constructed by Vaidy [57], the metric proposed by Thakurta
[58] and so on. All these solutions share the same property: when the mass of the black hole is
vanishing, the solution reduces to a FLRW metric, and when the scale factor is equal to unity,
the solution become the Kerr metric. If the expanding universe is totally driven by a positive
cosmological constant, then the FLRW metric with vanishing curvature is given by3
ds2 = −dt¯2 + a2dr¯2 + a2r¯2(dθ¯2 + sin2 θ¯dφ¯2), (3.1)
3In this work, we focus on the flat FLRW universe.
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with
a(t¯) = eH0 t¯, H0 =
√
Λ
3
. (3.2)
Now we would like to study the relation between the Kerr-dS metric and the metric of the cosmo-
logical spinning black hole. The starting point, as we mentioned before, is that the metric of the
cosmological spinning black hole should reduce to (3.1) when the mass is zero and reduce to the
Kerr metric when H0 = 0.
3.1 Coordinate transformation
It is well known that the metric of the de Sitter spacetime is given by
ds2 = − (1−H20R2) dT 2 + dR2(1−H20R2) +R2dΘ2 +R2 sin2 ΘdΦ2. (3.3)
Now we will show that the de Sitter metric can be related to the FLRW metric (3.1) via a simple
coordinate transformation. First, let us introduce
T = t¯+ f(R), f ′(R) =
H0R
1−H20R2
. (3.4)
Plugging this into the the de Sitter metric leads to
ds2 = −(1−H20R2)dt¯2 + 2H0Rdt¯dR+ dR2 +R2(dΘ2 + sin2 ΘdΦ2). (3.5)
Furthermore introducing
R = a(t¯) r¯, θ¯ = Θ, φ¯ = Φ, (3.6)
then one finds that the de Sitter metric reduce to the standard FLRW metric (3.1). Therefore, we
find the coordinate transformation that relates the de Sitter metric with the FLRW metric, viz.,
dt¯ = dT − H0R
1−H20R2
dR, (3.7)
eH0 t¯dr¯ = −H0RdT + 1
1−H20R2
dR. (3.8)
Equivalently, the coordinate transformation can be rewritten in terms of the coordinate basis vectors
as
∂t¯ =
1
1−H20R2
∂T +H0R∂R, (3.9)
e−H0 t¯∂r¯ =
H0R
1−H20R2
∂T + ∂R. (3.10)
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Next, we notice that the Kerr-dS metric (2.1) in the vanishing mass limit, i.e. m = 0, becomes
ds2 = (r2 + a2 cos2 θ)
[
dr2
(r2 + a2)
(
1−H20r2
) + dθ2
1 + a
2Λ
3 cos
2 θ
]
+
(
1 + a2H20 cos
2 θ
)
sin2 θ
r2 + a2 cos2 θ
[
adt− (r2 + a2)dφ
1 + a2H20
]2
−(r
2 + a2)
(
1−H20r2
)
r2 + a2 cos2 θ
[
dt− a sin2 θdφ
1 + a2H20
]2
. (3.11)
Actually, this is essentially the de Sitter metric, which is realized by performing the following
coordinate transformations [53]:
dT =
dt
Ξ
, (3.12)
Φ = φ− at
Ξ
H20 , (3.13)
R cos Θ = r cos θ, (3.14)
R2 =
1
Ξ
[r2∆θ + a
2 sin2 θ]. (3.15)
Obviously, this transformation becomes trivial as a = 0, since the BL coordinates become the
ordinary Schwarzschild coordinates in this case. Moreover, if Λ = 0, then this transformation
relates the ellipsoidal coordinates with the Schwarzschild coordinates. Thus, in the vanishing mass
limit, the Kerr-dS metric is just the de Sitter metric and can be related to the FLRW metric
through the coordinate transformations (3.7) and (3.8).
The above discussion may help us to find the metric describing a cosmological spinning black
hole. Firstly, if the coordinate transformations (3.12), (3.13), (3.14) and (3.15) are applied to the
general Kerr-dS metric (2.1) instead of its massless limit (3.11), and the coordinate transformations
(3.7) and (3.8) are carried out subsequently, then we would obtain a metric which in the massless
limit reduces to the FLRW metric (3.1), and in the limit Λ = 0 reduces to the Kerr metric in
the Schwarzschild-like coordinate system. This metric describes essentially a spinning black hole
embedded in an expanding universe driven by a positive cosmological constant.
If a = 0, the constructed metric describes a non-spinning cosmological black hole. However, the
reduced metric is different from the solution found by McVittie in 1933 [56]. The McVittie metric
was obtained in the isotropic coordinates, which are naturally the privileged comoving coordinates
used to describe an isotropic universe. In these coordinates, the time coordinate basis vector can
be assigned as the four-velocity of a comoving observer with respect to the cosmic expansion. It
seems impossible to express the above constructed metric for the cosmological spinning black hole
in similar isotropic coordinates, because the Kerr spacetime is a priori axisymmetric. Even if
corotating with the Kerr black hole, the observer would not perceive an isotropic space. In other
words, the universe cannot be foliated into spacelike slices such that each three-dimensional slice is
conformal flat [59]. Therefore there is no comoving observer near the cosmological spinning black
hole.
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Nevertheless, as we will show in the next subsection the notion of the comoving observer can be
well defined at least at large distance. In that case, the spacetime near the observer is not spinning
any more, so the observer can be set to comoving with cosmic expansion. From a practical point of
view, the observer on the earth is sufficiently far away from the massive black holes in the universe,
so it seems reasonable to take the approximation that the comoving observer lies at large distance
with respect to the observable black hole.
3.2 Shadow for comoving observer at large distance
Since the cosmological black hole is derived from the original Kerr-dS black hole via some
coordinate transformations, different coordinate systems represent different reference frames. An
event that occurs in the spacetime of the cosmological black hole can be observed in the frame
moving with a velocity v with respect to the locally static observer in the Kerr-dS spacetime.
According to the Lorentz transformation formula in special relativity, the 3-velocity of the moving
reference satisfies
Uˆstat · Uˆmov = − 1√
1− v2 , (3.16)
where Uˆ ’s denote the four-velocities of the observers. From (2.21), we can assign the four-velocity
of the locally static observer in the Kerr-dS spacetime to be the normalized timelike vector eˆ(t),
viz.,
Uˆstat =
√
gφφ
g2tφ − gttgφφ
(
∂t − gtφ
gφφ
∂φ
)
. (3.17)
As we mentioned before, the locally static observer have to stay in the domain of outer commu-
nication, however, as we will show in the following, there is no such restriction for the comoving
observer in an expanding universe.
Next we need to find the four-velocity Umov of the comoving observer at large distance. First
of all, at large distance, i.e. r  max(m, a,Λ), the Kerr-dS metric becomes
ds2 = −
(
1−H20a2 sin2 θ −H20r2
)(
1 + a2H20
)2 dt2 + dr2(1−H20a2 −H20r2)
+
r2dθ2
1 +H20a
2 cos2 θ
+
r2 sin2 θdφ2(
1 + a2H20
) − 2aH20 sin2 θr2(
1 + a2H20
)2 dtdφ. (3.18)
Note that in order not to miss the nontrivial effect from the cosmological constant, in the above
formula the subleading terms in the large r limit have been kept. For example, if H0 = 0, this
expression correctly reproduces the Minkowski metric and let a = 0 then it gives the de Sitter
metric. Therefore, (3.18) allows us to find the four-velocities of observers in the two separated
regions within and beyond the domain of outer communication. For the static local observer, the
large distance limit has to be taken within the domain of outer communication, which requires that
rC  r+. In this case, H20a2  1 and (3.18) is further simplified to be the de Sitter metric. So the
four-velocity of the locally static observer at large distance becomes
Uˆstat =
1√
1−H20r2
(
∂t + aH
2
0∂φ
)
. (3.19)
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Another notable thing is that in the large r limit, the massless limit of the Kerr-dS metric (3.11)
behaves exactly the same as the above formula, which means that (3.18) can be related to the
de Sitter metric and further be transformed into the form of the FLRW metric (3.1) in the large
distance limit. So finally we build the connection between the Kerr-dS metric and the FLRW
metric at least in the large distance limit. Naturally we can define the four-velocity of the comoving
observer at large distance as
Uˆmov = N∂t¯, (3.20)
where N is a normalization constant coefficient such that Uˆ2mov = −1. From the coordinate trans-
formations (3.9), (3.12) and (3.15), in terms of the BL coordinates Uˆmov can be expressed as
Uˆmov =
(1 + a2H20 )
2
1 + a2H20 cos
2 θ −H20r2
(
1 + a2H20 cos
2 θ
)∂t +H0r∂r. (3.21)
Clearly, in contrast to the locally static observer, the comoving observer can locate beyond the
domain of outer communication. But according to the relation (3.16), since the locally static
observer cannot exceed the domain of outer communication, the comoving observer is subject to
this constraint as well. In this case, the four-velocity of the comoving observer simplifies as
Umov =
1
1−H20r2
∂t +H0r∂r, (3.22)
which is the same as the one for comoving observer in the McVittie spacetime at large distance
[47].
Plugging (3.19) and (3.22) into (3.16) we obtain
− 1√
1− v2 = −
1√
1−H20r2
, (3.23)
which gives
v = H0r. (3.24)
As expected, this result is independent of the rotation of the black hole, since the large distance
limit is taken in such a way that the spacetime is described by the de Sitter metric.
With the relation (3.16) between the locally static and comoving observers, we can find the
angular size θmov of the black hole shadow seen by a comoving observer. The angular size θstat of
the black hole shadow for the locally static observer has been calculated in the preceding section.
Then θmov can be obtained by using the standard aberration formula
sin2 θmov = (1− v2) sin
2 θstat
(1− v cos θstat)2 . (3.25)
To use this formula we should first know the behavior of the solid angles (α, β) at large distance
within the domain of outer communication. From (2.33) and (2.34) we obtain the solid angles in
the comoving observer’s frame
sinαmov = ±(1 +H0rO)
√
η + (a− ξ)2 − (ξ csc θO − a sin θO)2
rO
, (3.26)
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Figure 6: Plot showing the shadows of a spinning black hole as seen by a comoving observer with
different distances. The parameters are taken as m = 1, a = 0.998,Λ = 10−4 and θO = pi/2
and
sinβmov =
ξ(1 +H0rO)
rO sin θO
. (3.27)
Fig. 6 shows the shadows of a spinning black hole embedding in an expanding universe driven by
the positive cosmological constant as seen by a comoving observer with different distances. One can
see that the black hole size would not becomes vanishing when the observer is moving away from the
black hole. This is very different from the locally static observer. It is essentially a magnification
effect of the cosmic expansion on the shadow size.
Of course the aberration formula applies to the horizontal and vertical angular diameters of the
shadow as well. That is,
sin ρv =
(1 +H0rO)
√
η + (a− ξ)2 − (ξ csc θO − a sin θO)2
rO
∣∣∣
r=rv
, (3.28)
and
sin ρh1 =
ξ(1 +H0rO)
rO sin θO
∣∣∣
r=rh1
, sin ρh1 = −ξ(1 +H0rO)
rO sin θO
∣∣∣
r=rh2
. (3.29)
4 Shadow of a spinning black hole in an expanding universe
In the previous section, we only considered the spinning black hole shadow in an expanding
universe driven by the positive cosmological constant. In this section we extend the study to an
expanding multi-component universe (with matter, radiation and dark energy). We will employ the
approximate method proposed in [48] to calculate the shadow of a Kerr black hole in the expanding
FLRW universe as seen by a comoving observer.4 This approximate method applies to the situation
4In a subsequent paper [49], the authors of [48] developed a new method to calculate analytically the angular size
of black hole shadow in the McVittie metric as seen by a comoving observer. The result of that paper is valid within
the entire range of possible positions of observer, not only for large distance.
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that the observer is very far from the black hole, the cosmic expansion is perceived only at very
large scales and can be neglected near the black hole. The approximation is essentially the same
as we used in the preceding section, so we expect that the two results are equal when the cosmic
expansion is driven by the positive cosmological constant.
We now describe the approximate method adopted in [48]. First, let us introduce a radial
coordinate rI which obeys
r+  rI  rO. (4.1)
Clearly, rI bears two properties: one is that it is far enough away from the spinning black hole
such that the gravity of the black hole can be neglected, the other one is that rI is small enough
in comparison with the observer’s position such that the effect of the cosmic expansion can be
neglected. Therefore, in the region r ≤ rI , we just need to calculate the shadow size of the Kerr
black hole and find the asymptotic form at large distance. Then in the region r > rI , the effect of
the cosmic expansion has to be taken into account, which is implemented by applying the angular
size redshift relation to the shadow size.
The shadow of a Kerr black hole for the locally static observer was calculated in section 2. From
Eqs. (2.33) and (2.34) with Λ = 0, we know the solid angles in the frame of the observer located
at (rI , θI) are given by
sinα ' ±
√
η + a2 cos2 θI − ξ2 cot2 θI
rI
, tanβ ' ξ
sin θI rI
. (4.2)
As we have known, since the shape of the Kerr black hole is not a perfect circle, we can use
the horizontal and vertical angular diameters of the shadow to characterize its angular size. The
horizontal angular diameter ∆h (2.38) is determined by the zeroes of α and the vertical angular
diameter ∆v (2.39) corresponds to the position at which α takes a maximum. As we mentioned
before, in general for a given θI they can only be obtained numerically. In the following we just
show the result for θI = pi/2 in which case the horizontal and vertical angular diameters of the
shadow can be analytically found. For θI = pi/2 the zeroes of α just correspond to η = 0 and the
solution to which is given by (2.18), so we have
sin ρh1 =
ξ
rI
∣∣∣
r=rp−
, sin ρh2 = − ξ
rI
∣∣∣
r=rp+
, (4.3)
where the explicit expression of ξ is given in (2.14) and we have taken into account that for large
rI , sinβ ' tanβ. Moreover, for θI = pi/2, from Eq. (2.43) with Λ = 0, it is easy to see that for
the observer located at rI , α takes maximum at r = 3m. Then the vertical angular radius of the
shadow is
sin ρv =
√
η
rI
∣∣∣
r=3m
=
√
27m
rI
. (4.4)
Note that this result is the same as the angular radius of the Schwarzschild black hole shadow.
Furthermore, we can formally define the linear size of the black hole shadow as seen by the
observer at radius rI as
Rh = rI sin
∆h
2
' ξ
2 sin θI
∣∣∣
r=rh1
− ξ
2 sin θI
∣∣∣
r=rh2
, Rv =
√
η + a2 cos2 θI − ξ2 cot2 θI
∣∣∣
r=rv
. (4.5)
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Obviously, the above formulas are independent of rI . In the non-rotating case, one has Rh = Rv =
3
√
3m.
In the region r > rI , a distant observer located at rO finds the image of the black hole shadow
with linear size characterized by Rh and Rv as well. But in the meantime, the null geodesic
extending from the black hole out to the observer suffers from the cosmic expansion. As a result
the shadow size measured by the observer on earth should be different. The angular size redshift
formula relates the linear size measured without the cosmic expansion to the angular size of the
object as viewed by the observer, thus can be directly used for the shadow. Let the observer
located on earth be the position with zero redshift, then the shadow of the black hole is situated
at the redshift z. The angular size redshift formula is not valid for the black hole shadow if the
observer is close to the black hole such that the gravity of the black hole is dominant than the
cosmic expansion. This is why the relation (4.1) is necessary.
According to the definition, the angular diameter distance is given by
dA =
l
∆θ
, (4.6)
where l is the physical size of the object, and ∆θ is the angular size of the object as viewed from
earth. For an object at the redshift z, the angular diameter distance can be expressed in terms of
the comoving distance χ as
dA(z) =
Sk(χ)
(1 + z)
. (4.7)
where Sk(χ) is the FLRW coordinate. When the universe is flat, we have Sk(χ) = χ and the
comoving distance is explicitly given by
χ(z) =
∫ z
0
dz′
H0
√
Ωm0(1 + z′)3 + Ωr0(1 + z′)4 + ΩΛ0
, (4.8)
where H0 is the present day value of the Hubble parameter H(t), and Ωm0, Ωr0, ΩΛ0 are the
present day values of the density parameters for matter, radiation and dark energy respectly. So
the angular size of the black hole shadow as seen by the observer on earth can be expressed as a
function of the redshift
∆θ =
l(1 + z)
χ(z)
. (4.9)
In this formula, the physical size l corresponds to the horizontal and vertical linear sizes of the
black hole shadow Rh and Rv, so we have respectively
∆θh(z) = Rh
(1 + z)
χ(z)
, ∆θv(z) = Rv
(1 + z)
χ(z)
. (4.10)
Here for the observer on earth the angle θI should be replaced by the inclination angle θO between
the observer and the direction of the rotation axis of the black hole. This formula allows to calculate
the size of the shadow as a function of the redshift of the observed black hole with given parameters
H0, Ωm0, Ωr0, ΩΛ0.
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Figure 7: The change of ∆θh and ∆θv with respect to the rotating parameter a, by choosing θO =
pi
2 .
De Sitter universe First of all, let us consider that the expanding universe is totally driven
by the cosmological constant. For such de Sitter universe, we have ΩΛ0 = 1 and χ(z) = z/H0.
Therefore, the angular sizes of the black hole as seen by a comoving observer are given by
∆θh(z) = Rh
H0(1 + z)
z
, ∆θv(z) = Rv
H0(1 + z)
z
. (4.11)
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Figure 8: The change of ∆θh with respect to the rotating parameter a in de Sitter universe, the
matter-dominated universe and the real multicomponent universe respectively, by choosing θO =
pi
2 .
Remember that in section 3 we have calculated the shadow of the spinning black hole embedded
in the de Sitter universe as seen by a comoving observer at large distance. As we will show in the
following, these two different methods lead to the same result. To prove that, a key step is to relate
rO in Eqs. (3.28) and (3.29) with the redshift z. At large distance rO  r+ and for small H0, we
know the relation between the static coordinate rO and the comoving coordinate r¯
rO = r¯ e
H0 t¯. (4.12)
Moreover, the comoving coordinate and the redshift has the following connection
r¯ =
1
eH0 t¯
z
H0
. (4.13)
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From these two formulas we can easily find that
1 +HOrO
rO
=
H0(1 + z)
z
. (4.14)
Then compare Eqs. (3.28) and (3.29) with (4.11), one can find that they are identical.
Matter-dominated universe In this universe, we have Ωm0 = 1, Ωr0 = 0 and ΩΛ0 = 0. Then
from (4.8) and (4.10) we obtain
∆θh(z) = Rh
(1 + z)
2[1− (1 + z)−1/2] , ∆θv(z) = Rv
(1 + z)
2[1− (1 + z)−1/2] . (4.15)
As found in [48], in this universe the angular size increases unboundedly with increase of the black
hole redshift.
Real multicomponent universe The formula (4.10) allows us to calculate the angular size
of the black hole shadow in the real universe with multiple components. For example we choose
ΩΛ0 = 0.7 and Ωm0 = 0.3 with vanishing Ωr0, then the pictures in this case are plotted in Figs.
7 and 8. Since the cosmic expansion appears as a multiplicative factor in the formula (4.10), the
influence of different spin and inclination angle on the angular radii will be the same as that for a
locally static observer, which has been clearly discussed in section 2.
In Fig. 7, one can see that with the increase of the redshift the difference between the horizontal
radius and the vertical one becomes significant when the spin of the black hole is high and the
inclination is pi/2. In other words, the deformation of the black hole caused by the spin is magnified
by the redshift. So it might be possible to extract the information of the spin of the black hole from
the observation of its shadow’s deformation, or to be exact the oblateness, as proposed by Tsupko
in [60]. Our study shows that it is easier to achieve this goal for supermassive black holes at high
redshift as long as the resolution of EHT is high enough.
In Fig. 8 we show the effect of the comic expansion caused by different components on the
horizontal radius of the shadow. One can see that the difference between the high spin one and the
non-spinning one becomes the most significant when the component is purely matter.
5 Summary
In this paper, we studied the effect of the cosmic expansion on the shadow of the spinning black
hole. We started from the Kerr-dS spacetime. We may still define a distant observer comoving
with the cosmic expansion in the Kerr-dS spacetime. Using the usual method of calculating the
shadow of a stationary black hole as seen by a locally static observer and the standard aberration
formula, we obtained the shadow of the Kerr black hole for a comoving observer, see Eqs. (3.28)
and (3.29). We found the shadow of the Kerr black hole seen by a locally static observer is very
different from the one seen by a comoving observer. As for the former, the angular size of the
Kerr-dS shadow becomes smaller as the observer moves further away from the black hole. When
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the observer approaches the cosmological horizon, the angular size goes to be an invisible point.
The same is true for the length measurement of size. While for the comoving observer, though the
angular size goes to zero as the position of the observer rO goes to the the cosmological horizon rC ,
the length measurement of the size of the shadow tends to a constant, see an example in Fig. 8.
The existence of this difference gives us a reason to believe that this is indeed the size of the Kerr
black hole shadow for a comoving observer with the cosmic expansion.
Furthermore, we considered the problem in the general expanding FLRW universe, beyond the
Λ-driven expansion. We applied the approximate method proposed by [48]. We first concentrated
on the Λ-driven case, and found the consistent result with the one from the the direct computation.
Then we turned to multi-component case. The main results are presented in Eq. (4.10),(4.11) and
(4.15), and the corresponding graph in Fig. 8. Our interesting finding is that the oblateness of the
black hole shadow, namely the ratio of the horizontal and vertical angular radii, becomes significant
in the case that the supermassive black hole is at a high redshift.
We conclude this paper with some outlooks. First of all, in our paper, we did not include the
influences of complex environments outside the black holes, such as the plasma, the jets or the
accretion disc. It is definitely very interesting to consider these effects in the future works, since
the light rays are usually refracted by the medium before they reach our eyes. Secondly, in the
propagation of lights, the photon fields may interact with other fields, like axion etc. which is also
worth considering in future. In the end, we have been focusing on the shape and the size of a black
hole shadow in this work. Another important observable, the brightness of edges of the shadows,
has not been studied here. As we know, in the EHT experiment, the factor of luminosity is crucial
as well. It should be considered carefully in further studies.
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